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1. INTRODUCTION. 
THIS PAPER deals with the question: which 3-manifolds have fundamental groups which are 
virtually Z-representable-have a subgroup of finite index which maps onto the infinite 
cyclic group, Z. A compact, orientable, irreducible 3-manifold with this property is finitely 
covered by a Haken manifold (is virtually Haken). The Haken manifolds are quite well 
understood: they are determined by homotopy type (of the pair (M, 8M)) [19], they have a 
solvable classification problem [4], [6], they have residually finite fundamental groups 
[lo], and they have a unique torus-annulus decomposition [15], [16] into geometric 
pieces [lS]. There is hope in extending much of these results for Haken manifolds to 
virtually Haken manifolds. It has been conjectured that for a 3-manifold, M, z,(M) is 
infinite if and only if xl(M) is virtually Z-representable (see [7], [8] for more discussion). 
In this paper we will consider (closed, orientable) 3-manifolds which are described as 
branched covers of the 3-sphere, branched over a fixed link, L c S3. There are many known 
examples of universal links-for which every 3-manifold can be represented as a cover of S3 
branched over the link. Each 2-bridge knot or link, with the exception of those which are 
also torus knots or links, is universal [14]. 
For any link, L, in a 3-manifold, M, the collection of coverings of M branched over 
L forms a lattice. We observe (Lemma 2.3) that whenever an element of this lattice has 
virtually Z-representable fundamental group then so does every element above it in the 
lattice. We combine this with an analysis of the upper bound of a pair of elements 
(Theorem 2.1) to study how the property of virtual Z-representability proliferates through- 
out the lattice. When the link is strongly amphicheiral (invariant under an orientation 
reversing involution of S3), the involution theorem (section 3) will apply to show that 
certain coverings branched over the link will have virtually Z-representable fundamental 
group. Others will inherit this property by comparison. This includes those whose branch- 
ing indices satisfy certain divisibility conditions (Theorem 4.1). We apply this to some of the 
known strongly amphicheiral universal links such as the figure eight knot and the 
Borromean rings. For example, any cover of S3 branched over the figure eight knot all of 
whose branching indices are divisible by some integer q > 2 has virtually Z-representable 
fundamental group (Corollary 4.3). This improves on results of [1], [12]. 
Throughout this paper we will consider only closed, orientable 3-manifolds. A map 
p:h?+M 
of such 3-manifolds is a branched covering of degree d, branched over a link L c M provided 
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is a d sheeted covering space and each component, J, of L has a closed neighborhood, V, 
such that for each component, F, of p- ’ ( V) there are homeomorphisms h: BZ x S l -_) V, 6 
B2xS’+twithh(OxS’)=Jand 
h - 1 0 p 0 i(z, ,i@) = (z”, eim@) 
for some integers n, m > 0. The integer, n, is called the branching index of p at the component 
J’= l(O x S ‘) of p-‘(J). We use the expression true covering to describe a branched 
covering with all branching indices equal to one. 
The monodromy of the covering is the homomorphism 
cp: 7r,(M - L) + s, 
describing the action of rrl (M - L) on a fiber p- ‘(x0), x0 E A4 - L. It completely determines 
the covering: equivalence classes of connected degree d coverings of M branched over L are 
in one to one correspondence with transitive representations of n,(M - L) to S,. The 
corresponding unbranched couering, 
pIA?-p-‘(L):&p-‘(L)+M-L 
is determined by the condition: 
p,(n,(fi-p-‘(L))) = q-‘(Stab(l)). 
We will write permutations on the right, as exponents: i + i”u’. 
If p E xl (M - L) corresponds to a meridian of a component, J, of L then the lengths of 
the cycles of cp(p) are the branching indices of p at the components of p-‘(.I)-counted with 
some repetitions since m cycles of cp(p) (all of the same length) will correspond to a 
component, J’, of p - l (J ) if p) J: .f + J is an m sheeted covering. If the covering is regular, 
then all the branching indices over a fixed component of L are equal. The converse is false. 
For a regular covering there is another action of rrl (M - L) on p- ‘(x,,) given by 
restricting the group, C z n,(M - L)/p,(zl(fi -p-‘(L)), of covering transformations. 
This action agrees with the monodromy precisely when C is abelian in which case we can 
identify C with Image(q). 
2. THE LATTICE OF COVERINGS BRANCHED OVER A FIXED LINK. 
Let L be a fixed link in a 3-manifold, M. We wish to study the class of all finite sheeted 
branched coverings of M branched over L. For technical reasons it is convenient o consider 
based coverings. Thus we fix a base point X~EN = M - nbd(L), and let Y = Y(M, L) be 
the lattice of all finite sheeted, based coverings: 
P: (fi, %,I --+ (M, xo) 
branched over L. The order relation in this lattice is: 
(p*: (M*, xg*) + (M, xe)) 2 (p: (fi, %,) 4 (M, xe)) 
if there is a factorization p* = p 3 q for some branched covering q: (M*, xg*) + (A?, go), 
branched over p - l(L). Y is isomorphic to the lattice of subgroups of finite index in rri (N), 
ordered by reverse inclusion. 
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Given branched coverings pi: (nil pi) + (M, x0) in Y’, i = 1, 2, their supremum is the 
covering whose corresponding unbranched covering, p: i -+ N satisfies 
P,(UR %)) = ~~,(n~(lS,,~,))n~~*(n,(~,,~,)). 
This gives a commutative diagram of branched coverings: 
We will call this a pullback of the two coverings (the pullback of the based coverings), 
even though this is only a part of the categorical pullback as is made precise in: 
2.1 THEOREM. Let pi: (I$, Zi) + (M, x,), i = 1, 2, be jinite sheeted branched coverings 
branched over a link L c M and let Cpi: nI(N, x0) + S,, be the corresponding monodromy 
representations. 
Define rp: n,(N, x0) --* Aut((l, . . . , d,} x (1, . . . , d,}) by 
Then cp is the monodromy for a (possibly non-connected) branched covering p: A? -, M of 
degree d,d,. Moreover any pullback of the two coverings is equivalent to the restriction of p to 
a component of A? and its monodromy is equivalent to the restriction of Image(p) to the 
appropriate orbit. 
2.2 COROLLARY. The branching index of p at a component ?of p- ‘(L) is the least common 
multiple of the branching index of p1 at qr (j) and the branching index of pz at q2(j). 
2.3 COROLLARY. lffor each component, J, of L every branching index of p1 over J dirides 
each branching index of p2 over J, then q2: it? + A?z is a true covering. 
In the context of Theorem 2.1 we say that 
(P:7rl(N)-+Sd,dl = Aut((1,. . . ,d,} x (1,. . . ,d,}) 
corers cpl: x1(N) -+ S,. Clearly pz factors through A?, if and only if some pullback of p and 
pz is equivalent to pz. Thus we have: 
2.4 COROLLARY. The branched covering pz : A?:, + M factors through fi, ifand only if; up 
to conjugation, the monodromy, ‘pz, of p2 covers the monodromy, cpl, of pl. 
In principle it is elementary to determine whether one monodromy representation 
covers another. This makes specific computations reasonable. We have done this for the 
figure eight knot in L-133 where we give a portion of the lattice of branched covers complete 
through degree 10. 
Next we observe that a finite index subgroup of a virtually Z-representable group is Z- 
representable; so the property of having a E-representable fundamental group is preserved 
on passing to finite sheeted true covering spaces. The same is true for branched covering 
spaces: 
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2.5 LEMMA. Let p: Ii? + M be afinite sheeted branched covering of 3-manifolds, branched 
over a link L c M. If x1(M) is virtually Z-representable then so is x,(G). 
Proof: First suppose that /Ii(M) > 0. Consider the corresponding unbranched covering 
t -+ N and the commutative diagram: 
4) - x,(G) 
(Pm. 1 1P. 
n,(N) - x1(M) 
where the horizontal maps are epimorphisms, and (PI@), maps ni(fi) to a subgroup of 
finite’index in n,(N). By assumption there is an epimorphism q: x1(M) + Z. The compo- 
sition q op*: x1 (fi) + H maps x,(G) to a subgroup which has finite index in Z and hence is 
isomorphic to Z. 
In general there is a finite sheeted true covering 
pullback: 
_J”;, 
M, 
M\ J 
M 
q: M, + M with fll (M,) > 0. Take a 
By Corollary 2.3, M* + fi is a true covering. By the first part fl,(M *) > 0. I 
Combining 2.3 and 2.5 gives: 
2.6 COROLLARY. If M, and M2 are as in 2.3 and M, has Z-representable fundamental 
group then so does M2. 
Proof: By 2.5 the pullback, A?, of p1 and p2 has a finite sheeted true cover, M* with 
fi,(M*) > 0. By 2.3 the composition 
M*-+h?-+M, 
is a true cover. I 
3. THE INVOLUTION THEOREM. 
The following is an improved restatement of theorem 3.1 of [9]. 
3.1 THEOREM. Let M be a closed orientable 3-manifold 
reversing involution T: M -+ M. Then either: 
which admits an orientation 
(i) n,(M) is virtually Z-representable, or 
(ii) Fix T is a 2-sphere and n,(M) is either trivial or is an 
subgroups offnite index, or 
infinite group with no proper 
(iii) Fix T is a projective plane and (ii) applies to a double cover (G, i) of (M, t), or 
. (iv) # (Fixr) = 2 and n,(M) is either trivial or its commutator subgroup, [7tI(M), n,(M)] 
is infinite, has odd index in n,(M), and contains no proper subgroups ofjinite index. 
Proof In [9] this theorem was stated as above except that the blanket hypothesis that 
0(x1(M)) ’ 2 
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was added, and that the phrase “is either trivial or” did not occur in conclusions (ii) and (iv). 
However in [9], the restriction n,(M) # hz was only needed in case (iii). One can check the 
arguments of [9] to verify that this is indeed the case. Alternatively one can observe that the 
possibility ~ci (M) = 27 could not occur in either case (ii) or case (iv). For in case (ii) n,(M) 
must be a free product; while in case (iv) the non-orientable 3-manifold obtained by 
removing a neighborhood of Fix 7 and factoring out by the action of 7 must have 
fundamental group either Z, or infinite [3]. I 
We note that it is not known whether there could be a 3-manifold whose fundamental 
group is infinite yet has no proper subgroup of finite index; however Shalen has shown [ 171 
that no regular branched cover of S3 could have this property. 
4. STRONGLY AMPHICHEIRAL LINKS. 
Let L be a link in S3 with a fixed indexing, Ji, J,, . . . , Jk, of the components of L and 
let q = (ql, q2, . . . , qk), qi E Z +. A branched covering p: M + S3, branched over L is said to 
be divisible by q if each branching index of p at each component of p- ‘(Ji) is divisible by 
qi, i = 1, 2, . . . , k. If 
7: (SJ, L) + (S’, L) 
is a homeomorphism then q is r-invariant if qi = qj whenever 7(Ji) = Jj. 
We have a qlq2 . . . qk sheeted branched covering, 
p: M(L, q) --) S3, 
branched over L whose associated unbranched covering corresponds to 
Ker{B:721(S3-L)--rT=Zq10Zq20 . . . 0Z,,} 
where 
e(a) = (I&, J1), Wa, J2), . . . , Wa, Jd) 
and the coordinates are taken modulo the corresponding qi. This is a regular covering 
whose group of covering transformations is isomorphic to T. 
4.1 THEOREM. Let L be a k component link in S3 which is invariant under an orientation 
reversing involution 7: S3 + S3 and let qc(Z+r be r-invariant. Suppose that nl(M(L, q)) 
# {l} (see 4.2 below) and in case Fix7 c Ji that qi is odd. Then any q-divisible branched 
covering, p: M + S3, branched over L, has n,(M) virtually Z-representable. 
Proof Let Ml = M(L, q) and pl: M, + S3 be the covering branched over L. By 2.6 it 
suffices to show that n,(M,) is virtually Z-representable. We will show that 7 lifts to an 
involution of M, and apply 3.1. 
LetN=S3-LandN 1 = M, -p;‘(L). Now Fix7 is either a 2-sphere or a O-sphere 
and in the latter case either misses L or lies in a component of L. 
(i) If Fix 7 n N # 0, choose x,-, E Fix 7 n N. 
(ii) If Fix 7 c J, (say) choose x0 EN near J, and a path a in N from x0 to xi = 7(x0) so 
that p = a(7 0 a) is a meridian of J,. 
Pick _?,, EP; ‘(x0). In case(i) let g1 = Z?,. In case (ii) let ZT, be the terminal point of the lift, 
y, of p(41-1)‘2a which begins at .?,,. Now it follows from the definition of M(L, q) and the 
7-invariance of q that 7*(p1*(x1(N1, Z,,))) = pl*(n,(N,, Z2,)). So there is a lifting 
?:(N,,Z,,)+(N,,&) of7jN. 
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In case (ii) ~(Soy) covers p4’~pi*(rr1(N,,.?,)) and thus is a loop. So, in either case, 
5’*(_t,,) = _?,,. But r” is a covering transformation; so ?’ = 1 i.e. 5 is an orientation reversing 
involution of N, which clearly extends to an orientation reversing involution of ~4,. 
Now Theorem 3.1 applies to show that rti (M, ) is virtually E-representable or one of the 
exceptions (ii)- of 3.1 holds. We have rri (M, ) # { 1) by assumption. Since M, is a regular 
branched covering of S3, [17, Theorem 2.11 applies to show that rr,(M,) is “half-way 
residually finite”-is either finite or has subgroups of arbitrarily large finite index. These 
observations establish that neither exception (ii) nor exception (iv) holds. Since Fix r’ is a 
branched cover of Fix r, exception (iii) cannot hold. I 
Note. If Fix T c J, and q1 is even then r cannot be covered by an involution-any lift of 
T must have (even) order > 2, as arguments imilar to the above will establish. For example, 
the double branched cover of S3, branched over the figure eight knot, is the lens space 
L(5,2) which admits an orientation reversing homeomorphism of period four (covering an 
involution S 3 -+ S ‘). 
4.2 LEMMA. n,(M(L, q)) # (1) ifeither; 
(i) For some component, Ji, of L p-‘(J,) is not connected, equivalently 
(ii) (Ik(Ji, Ji), . . . , lk(J,, Ji_l), 0, lk(Ji, Ji+l), . . . , Ik(Ji, J,)) does not generate 
Z,,@. . . OZ,,_,000Z,,+,0...QZ,,,or 
(iii) some component of L is knotted in S3. 
Proof. Fix a meridian, P, for Ji and let cr be the covering transformation corresponding 
to e(p) = (0,. . . ) 0, l,O,. . . , 0). Since the covering transformation group, T, is abelian, the 
action of x1(s3 - L) on a fiber, given by 
x1(S3 -L) + T-+ Tip-‘(x,) 
is the same as the monodromy representation. But the image of p under the monodromy 
map is the permutation whose cycles are the points of p- l(x,-,) which lie in the various 
components of p-*(u). Thus it follows that (T fixes p-‘(J,). But if Fixa is not connected, 
then, by Smith theory, Zf, (M(L, q)) # 0. This establishes (i). 
For (ii) note that p- l (Ji) is connected if and only if p- l(Z V) is connected, where V is a 
regular neighborhood of Ji. But p- ‘(a V) is connected if and only if 8(lr, (a I’)) = T. Finally 
fl(rr,(aV)) is generated by 0(p) and the element listed in (ii). 
Now suppose that a component, Ji, of L is knotted, but that ni (M(L, q)) = {l}. Then 
p - l (Ji) is still the fixed point set of a periodic homeomorphism e of M(L, q) as above. By 
the Smith conjecture for homotopy 3-spheres [2], rtl (M(L, q) - p-‘(.I,)) z Z.. But p* maps 
n,(M(L, q) - p-‘(.I,)) to a subgroup of finite index in n,(S3 L Ji). This is impossible if Ji is 
knotted. I 
There are numerous examples of universal, strongly amphicheiral inks. Every amphi- 
cheiral 2-bridge link is strongly amphicheireal [S]; these are precisely those of the form 
(p/q) with q2 E + 1 modp. For two of the most simple universal, strongly amphicheiral 
links we can say a bit more. 
4.3 COROLLARY. A branched cover of S 3, branched over a link, L, has virtually 
Z-representable fundamental group in the following cases: 
(i) L is the Borromean rings and the cover is divisible by some q = (ql, q2, q3) with at 
least two components greater than one. 
(ii) L is the figure eight knot and the cover is divisible by some q > 2. 
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Proof. The Borromean rings can be isotoped so that each component is an ellipse 
centered at 0 in one of the coordinate planes of R3. As such, they are invariant under the 
orientation reversing involution, ~5: x + -x, of S3 = iw3u (x). In fact r leaves each 
component invariant and Fixr c S3 -L. Since the linking number between any two 
components is 0, Lemma 4.2 applies to show that tcl(M(L, q)) # ( 11 provided at least two of 
the 4;‘s are greater than one. Conclusion (i) then follows from Theorem 4.1. 
The figure eight knot is also invariant under the same T: S3 + S3. In this case Fix r c L. 
So Theorem 4.1 and Lemma 4.2 combine to give the desired result for any cover divisible by 
an odd q > 1. To complete the proof it suffices to show that any cover divisible by four has 
virtually Z-representable fundamental group. For this we argue as follows. As in [12] we 
have 
?r,(P- L) = (x,y,u:pxu-’ = xy-1, uyp-’ = y2x-‘). 
The function cp: nl(S3 - L) + S9 defined by 
q(x) = (123)(456)(789) 
P(Y) = (147)(258)(369) 
V(P) = (1)(2638)(4579) 
determines a transitive representation and hence determines a nine sheeted branched 
covering M + S3, branched over the figure eight knot with branching indices (4,4,1). It is 
not difficult to show that M = L(3,l) # L(3,l). Thus rrl (M) is virtually Z-representable; in
fact M has a three sheeted true cover, M *, with n, (M *) = Z * Z. Corollary 2.6 then shows, 
first, that the four fold cyclic branched cover, M(L, 4), and, subsequently that any 4-divisible 
covering has virtually Z-representable fundamental group. I 
We have checked Cl33 that the pullback, fi, of M* + S3 and M (L, 4) + S3 (a 27 
sheeted true cover of M(L, 4)) has 
The above argument clearly generalizes to: 
4.4 THEOREM. Let p: M + S3 be a branched covering, branched over a link L with 
components Jt, . . . , Jlr. Suppose that n,(M) is virtually Z-representable, then so is xl(M*) 
for M * any q-divisible branched cover of S ‘, branched over L where qi is the least common 
multiple of the branching indices of p over Ji. 
I have concentrated my efforts on the figure eight knot as it seems to be simplest 
universal knot, and presents us with the tantalizing possibility of understanding all 3- 
manifolds by understanding the lattice of subgroups of finite index in the group of this knot 
in sufficient detail. I will close this section by giving some alternate formulations of the 
results applied to this knot. 
Recall that the complement, N, of the figure eight knot is a bundle over S 1 with fiber, F, 
a once punctured torus. As in [I 1; sec. 21, any finite sheeted covering space p: I? 3 N can be 
conveniently described in terms of the bundle structure. The number of components of 
p-‘(F) is called the wrapping number of the covering. It is also called the wrapping number of 
the associated branched covering k + S3. It is straight forward to show that p: A? + S3 has 
wrapping number divisible by an integer, q, if and only if p factors through the q-fold 
branched cyclic cover. The “if” part is trivial; The “only if” follows from the description of 
p,(lr,(i)) c xl(N) given in [ll]. 
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4.5 THEOREM. The coverings p: h? -+ S3 branched over thefigure eight knot, K, for which 
x1 (iI?) is virtually Z-representable include: 
(i) All those with wrapping number > 2. 
(ii) All those with p-‘(K) connected and with p of degree > 2. 
(iii) For each price q z 1 mod 3 a regular branched cover with wrapping number one and 
branching indices all equal to q. 
Proof. The first part follows immediately from the preceding comments. For the second 
note that if p-‘(K) is connected, then all the branching indices are equal-say to q. If q > 2 
then the conclusion follows from Corollary 4.3. If q = 2, let M* -+ S3 be a pullback of 
p: 6 + S3 and the double branched cover p2: M, --* S3. By corollary 2.3 M * is a true 
covering space of both G and M2. Thus M * + M2 = L(5,2) is either a homeomorphism or 
the universal covering. In the latter case the inverse image of K in M * has five components. 
In particular the degree of p divides 10. Since degree p = 5 is inconsistent with having all 
branching indices equal to 2, we get that the degree of p is 5 2 or that p-‘(K) is not 
connected. 
For the third part we take the covering whose associated unbranched covering corre- 
sponds to the kernel of the homomorphism cp: a,(N) + PSL(2, Z,) described in [ll; set 51. 
One observes that n,(F) = gp{x, y} and that p(n) and p(p), (j. = [x, y]), generate the same 
cyclic subgroup (of order q of PSL(2, Z,)). This establishes that p@,(F)) = p(zl(N)); 
thus the wrapping number is one. The branching indices are 
all = order(p(p)). I 
I have found examples of covers of S3, branched over K with wrapping number one and 
with p - l(K) connected. These are necessarily irregular. For degree d I 10, there is exactly 
one for each d = 6,7, and 9. 
5. COMMENTS. 
Theorem 4.1 does not select all the branched covers over a fixed strongly amphicheiral 
link which have virtually H-representable fundamental group-it does not even include all 
those for which the involution theorem applies. I have not, however, found any simple 
statement which produces a more general result. It is not even clear where to look; since I do 
not know how to recognize the 3-manifolds with finite fundamental group in this context. 
A major obstacle in pushing this approach further lies in: 
5.1 QUESTION. Can one detect from the monodromy of a branched covering p: .G --) S3 
whether nl(M) is finite? or (perhaps this is easier) whether M is Seifert jibered? 
Regarding this observe that there is a degree 10 regular branched covering p: S3 -+ S3 
branched over the figure eight knot, K, with all branching indices equal to 2. It factors 
through the double branched covering, L(5,2). Each of the five components of p-‘(K) is 
unknotted. Composing with a cyclic covering branched over one of these components, gives 
for each q a degree 1Oq covering S ’ + S3 branched over the figure eight knot with one 
branching index equal to 2q and the remaining equal to 2. Similar comments apply to the 
degree 5 dihedral covering p: S3 -, S3 with p-‘(K) the Roman link composed of three 
unknotted components. In [14] this covering is used as part of a sequence of coverings 
whose composition gives a degree 1080 covering p: S’ + S3 in which p-‘(K) contains the 
Borromean rings. If in the last stage of this construction one uses a degree 2 covering in 
place of the degree 3 covering, one gets a degree 720 covering p: S3 + S3 in which one 
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component of p- l(K) is the figure eight knot. The branching indices are l’s, 2’s, and 4’s. 
This highlights the non-uniqueness of the branched cover representation of a 3-manifold 
and raises obvious questions about the degree of non-uniqueness, the minimal periodicity of 
~.. .__ 
representation, and so on. I have not yet found an example of a 3-manifold which is a cover 
of S3 branched over the figure eight knot which has finite fundamental group and does not 
have some branching indices 4 2. 
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